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1. INTRODUCTION

Let a be a nondecreasing function on 7 :=[ —1, 1] with infinitely many
points of increase such that all moments of do are finite. We call da a
measure. Let

If:=max [0l feCL-1,1],

and

1/m
U)Wl i={[ 12} " 0<m<e serzr-nn

Then we define the L,, monic extremal polynomials

(1.2) Pi(do, m, x)=x"+ ---, n=0,1, ...,

satisfying

1.3) 15 (dots M), = 0 (| Pllu, m
P(x)=x"4+---
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and the L,, normalized extremal polynomials

Pn(d(X, m, x) = P:(d(x" m, x)/||P:(doc, m)”dac,m
(1.4) =y, (do, m) x"+ ---, n=0,1,....

Given a triangular matrix X of nodes
(1.5 1Z2x,>%x,> - >x,=—1, n=12, ...,

denote the Lagrange interpolating polynomial of f € C[ —1, 1] by

(1.6) L(X,f, x):=kz::1 Sf(x) b, (X, ), n=1,2,..,

and the Lebesgue function type sum by

1.7 S, (X, x):= Xn: [(x—x1,) £ (X, X)), n=12, ...,
k=1

respectively, where the fundamental polynomials

wn (x)

—_ k=1,2,...,n, n=12, ...,
@ (X ) (X — X))

ekn(Xa x) =

with w,(x) = (x—x,)(x—X%y,) - (x—x,,), n=1,2, ...

If X consists of the zeros of P,(da, m) then we write L,(do, m, f) instead
of L,(X, f), etc.

As we know, the case m =2 is the special case of orthogonal polyno-
mials; it has a long history of study and a classical theory. In contrast to
this special case the theory for the general case is still in the developing
stages.

In attempting to study convergence of orthogonal Fourier series or con-
vergence of Lagrange interpolation at zeros of orthogonal polynomials,
one invariably encounters the need for bounds and inequalities on the
orthogonal polynomials on the interval of orthogonality. Historically, the
problem of finding bounds and inequalities has lived under the shadow of
the deeper asymptotics on the segment, for the latter are often the only way
of obtaining the former. Of course, this way usually gives asymptotic esti-
mates for certain ‘“nice” weights only. Recently the author in [4, 5] has
developed an effective approach—so called the non-asymptotic appoach to
find bounds and inequalities of many important quantities in orthogonal
polynomials for arbitrary measures. Using this appoach the author [6] also
gets some elementary results for L,, extremal polynomials. On the other
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hand, in [7] the author introduces the Christoffel type functions for L,
extremal polynomials for m e N,, where N, stands for the set of even
natural numbers. It turns out that this is a useful tool and will have many
applications. The main aim of this paper is to use both the non-asymptotic
appoach and the Christoffel type functions for L,, extremal polynomials to
establish more bounds and inequalities for L, extremal polynomials in
details and to give their applications.

2. PRELIMINARIES

We introduce the following definitions and notations:

P, := the set of all polynomials of degree at most #;
Z():={xel:d(x)=0};
A := the collection of all Lebesgue measurable sets in 7;

|| := the measure of Q, Qe M,

inf | do(x)
Qe JQ
Qc4a

o(da, 4,0): =22 Aeu, 0<5<|4|,
f do(x)
4

o(da, 0) :=o(da, I, 0).
We need some auxiliary lemmas.

LemmA A [5, Lemma 1]. Let da be an arbitrary measure supported in
[—1,1] and Ae H. If L, do(x) >0, then there exists a number 0 :=
o(da, 4), 0 <o < 4] (in case |4 N Z(a')| < |4| every ¢ satisfying |4 N Z(a")|
< 0 < |4| is suitable), such that o(do, 4, 6) > 0.

LemMa B [4, Theorem 1]. For any matrix X and for any sequence of
positive numbers {e,} there exist sets I, = I such that |I,| < ¢, and

" g

holds for all xe INI, andn=1,2, ... .

In what follows we denote by x,, = x,(da, m), k=1, 2, ..., n, the zeros
of the L,, extremal polynomial P,(dx, m) and for convenience we accept the
notations P,(da) := P,(dw, 2), y,(da) :=y,(da, 2), etc. The letters ¢, cy, ...
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stand for positive constants independent of variables and indices, unless
otherwise indicated; their value may be different at different occurrences,
even in subsequent formulas.

DermviTiON 2.1 [7]. For me N, the Christoffel type function of L,
extremal polynomials 4, (da., x) is defined by

—2,n,m

(22) Az mlde, x) = jjl P()™ (t—x)""2 da(2).

min —_—
Pep, ,Px=1(m—2)!

Remark. In fact, in [7] the Christoffel type functions for L, extremal
polynomials 4, , ,(dx, x) with meN, are defined for j=0,2,4,...,
m—2. But here we only need the special case when j=m—2 and use an
alternative definition (see [ 7, Theorem 17).

DEerINtTION 2.2 [3, p. 106]. For 0 <m < oo the generalized Christoffel
function A,(da, m, x) is defined by

2.3) A (do,m,x)=  min j 1P| o).

PeP,_1,P(x)=1

Clearly, both the cases when m =2 become the classical Christoffel
function

A(do, x) = Ay, 2(do, x) = A,(da, 2, x).
In this case we have

2.4) A, (dot, x) = [ " M]_l,

=1 A (do)
where

A (d) = 4, (da, x1,), k=1,2,...,n

3. BOUNDS AND INEQUALITIES

We use the ideas of Lubinsky and Saff in the proof of [2, Lemma 3.1]
which gives the relationship between L,, extremal polynomials and classical
orthogonal polynomials (m = 2). Let for 2<m < o0

do,(x) := |P,(do, m, x)|"™ % do(x).
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Then we have [6]

P,(dx,, x) = P,(da, m, x),  y,(da,) =y,(dx, m),

(3.1)
xkn(da'n) = xkn(da, m)9 k = 1, 2, I (A

We need a basic expression of orthogonal polynomials with respect to the
measure da, [3, p. 6]

Vn-1 (dan)
Va(da,)

=(x_xkn) ekn(da'na x)s k= 1’ 27 -

(32) j'kn(d(xn) Pnfl(d(xna xkn) Pn(d(xru X)

where A,,(do,) = 4,(da,, x;,,). Hence

n— da’n z
? 1( ) Z )”kn(dan) |Pn—1(da'n’ xkn)l |Pn(dan9 x)l = Sn(dam x)-

N )

The first task is further to investigate the relationship between the L,
extremal polynomials with respect to da and the classical orthogonal
polynomials with respect to do,.

LemMa 3.1. Let do be a measure supported in [ —1,1] and 2 <m < co.
Then

(34) Ynfl(da’ m) < Ynfl(dan) < yn(da'n) = yn(d(xa m)'

Proof. To prove the first inequality of (3.4) we use the definition of
orthogonal polynomials to obtain

1
S= f P, ,(da, m, x)* do,(x)
a1

P,_,(do, m, x)
Vn—1(da, m)
P,_(da,, x)
Pn—1(dot,)

—natdamr [ | [ o

> oy [ | [ e

_ yn—l (daa m)2

yn—l(dcx‘n)2 '
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On the other hand, by Holder inequality and by the definition of L,
extremal polynomials we have

1
S= f P, (do, m, x)* |P,(de, m, x)|"~2 do()
-1

1 2/m 1 (m—2)/m
< “_1 |P,_;(do, m, x)|™ doc(x):| “_1 |P,(do, m, x)|™ da(x)]
=1.

Hence (3.4) follows. The second inequality immediately follows from a well
known fact vy, ,(da,)/y,(da,) < 1. The equality of (3.4) follows from
G.D. 1

LemMmA 3.2. Let do be a measure supportedin [ —1,1] and m e N,. Then
for1<k<n

(3.5) A (@0t,) = (M =2)! Do 3 m(d) P(det, m, Xp,)" 2
and
(36) P,,_l(doc,,, xkn) = yn(d(xn)

(m_z)' yn—l(da’n) )“k,m—Z,n,m(d(x) P:z(da’ m, xkn)m_l’

Where ;{'k, m—2,n,m (da') = /lm—Z, n,m (d(x, xkn)

Proof. By definition
(3.7) Ben(d,) = Ay, ) = [ (ot %)? dity ()
-1

= [ 44, dot,, %)? P, (dot, m, )" ).
-1

On the other hand, by Theorems 1 and 2 in [7]

}“k, m—2,n, m(d(x) = j‘m72, n,m(daa xkn)

1

~(m=2)! fl bty m, X)™ (3= Xp)" ™ dt(X)

1
T (m=2)! P}(dot, m, x)"

x P (do, m, x)" 2 da(x),

1
| u(do, m, x)*
-1

which, together with (3.7), yields (3.5).
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Comparing the leading coefficients in both the sides of (3.2) we get (see
[4, (20)])

Vn—1 (dan) 1
- P =
yn(d(xn) }’kn (dan) n—l(dcx'n’ xkn) P:,(dot, , xkn)’

which, coupled with (3.5), yields (3.6). |

(3.8)

LemMa 3.3. Let do be a measure supportedin [ —1, 1] and m € N,. Then

“ ekn(daa m, x)2 :|1
39)  A(dt,, x) = (m—2)! ' -
39 (A%, x) = (m=2) |:k§l A m—2,n, m(det) P (dot, m, x,,)" 2
and
(3.10)

Va(de,) . P, (da, m, x)

B ) = @) &2 T m (o) Py 11, 35) " (X1

Proof. The formula (3.9) follows from (2.4) and (3.5). The formula (3.10)
follows from (3.6) and the identity

Pn—l(da'mx) = z Pn—l(danaxkn) ekn(d(x'nax)' I

k=1
LemMmA 3.4. Let do be a measure supportedin [ —1, 1]. Then

(3.11) A, (de,, x) < A, (do, m, x)?/™, 2<m< o,

and

(3.12) An(dot,, x) = P,(do, m, )" A0 (dat, X), meN,.

Proof. By Definition 2.2 and Holder inequality

A(de,x)= min fil \P()|2 det, (1)

PeP, i, P(x)=1

= min [ |P@P |P.(da m, )" da(0)
-1

PeP,_|, P(x)=1

PeP,_1, P(x)=1

<, mn [ worao]”

1 (m—2)/m
x [ j |P,(da, m, x)|™ do?) ]
-1
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. 1 2/m
=[ min j |P(t)|'”<x(t)]

PeP,_1,P(x)=1 -1
= I, (do, m, x)*'™.

This proves (3.11).
To prove (3.12) let P e P,_, with P(x) = 1 satisfy

1
Iy, X) = [ 1P(5)I* 1P, (dot, m, )| 2 dia(s).
-1
By the definition of 4,,,/,(d, x) we have

P(t)? P,(dot, m, 1)" 7% < Do (dot, 1) fl |P(s)|* |P,(dot, m, 5)|" 2 dou(s)
-1
= mn/Z(da'a t)_l j'n(d(xm x)7

because PP,(do, m)™ 2> €P,,,,_,. Inserting t = x yields (3.12). ||

Now let us establish bounds and inequalities for L,, extremal polynomials.

THEOREM 3.1. Let do be a measure supportedin [ —1,1] and 2 < m < 0.
Then there exists a number 0 :=d(da), 0 <d <2 (in case |Z(a')| <2 every o
satisfying |Z(a")| < 6 < 2 is suitable), such that

G13) P S ) 1P 3
1/m

2— 1
> — =
> % o(dos, 3) “—1 doc(x)] >0, n=1,2,...
Proof. By Holder inequality it follows from (3.3) that

[ ' S, (da, m, x) da(x)

(d
_y,; (51 oc)) % () 1P, 1(aloc,,,xk,,)|J |P, (da, m, x)| do(x)

yn l(da' )

1 (m—1)/m
S ) 2 ol P l(d“"’xk")'[f_l da(x>] .
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Meanwhile, let J, 0 < J < 2, be given in Lemma A so that o(da, §) > 0. Then
applying Lemma B with ¢, =2—J we get I, = I such that |I,| <2—6 and

1 2—9
L S,(da, m, x) da(x) > == L\In da(x).
Since [I\I,| = &, by the definition of o(da, §) we have
[ dox)>otdn,0) | " da(x) > 0.
JAVA -1

Thus (3.13) follows. ||

This result improves Theorem 2.4 in [ 6] and has many applications.

CoROLLARY 3.1. Let do be a measure supported in [—1,1] and
2<m<oo. Then there exists a number 6:=0d(dx), 0<d<2 (in case
|Z(a")| < 2 every 0 satisfying |Z(a')| < 6 < 2 is suitable), such that for n = 1

2_5 yn—l(dan)
. —_— <———< 1.
(3.14) 0< 55 ol ) <70

Moreover, we have
(315) & (da'a m) |Pn(da’9 m, x)l < Sn(d(x” m, x) < C2(d(x, m) IPn(da'a m, x)l

and

n

(3.16) o (doa,m)< ).

—_<cy(da,m).
k=1 |Pn(da'a m, xkn)l 2

Proof. By Holder inequality and the Gaussian quadrature formulas

GAT) Y Julday) 1Py (doty, )
k=1

1/2

n 1/2 n
<| 2 ) || % o) 1 o 5, |

[} dnio]”
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_ [ | " P (da, m, )2 da(x) ]1/2

1 2/m 1 (m—2)/mY 12
S {[Ll do(x) } [-[—1 |P,(dot, m, x)|™ d(x) } }

= U—ll do(x) }l/m,

which, together with (3.13), yields

ynfl(docn) 290
— 2 > .
) > 2 o9 >0

The last inequality of (3.14) follows from (3.4).
Inequality (3.15) follows from (3.3), (3.13), (3.17), and (3.14).
Comparing the leading coefficients of (3.15) gives (3.16). ||

THEOREM 3.2. Let do be a measure supported in [—1,1] and meN,.
Then

1 " 1
> <1
(m—=2)! (= j'k,m72, n,m(da') P (do, m, x;,))"

(3.18) c(do) <

and

1 " 1
. < <2.
(19) ) S G o T ) Prdo, ) (=)

Proof. Comparing the leading coefficients in both the sides of (3.10) and
using (3.14) gives (3.18).
To prove (3.19) we use (3.5) and (3.6) to obtain

2 j'krt(d(xn) Pnfl(d(xns xkn)2

k=1 1—x3,
_ Pa(da,)? z 1
(m_2)' yn—l(dan)2 k=1 )*k,m—Z,n,m(da') P;;(doc, m, xkn)m (1 _xlzcn)’
that is,
1 " 1
(3.20)

(m—2)' kgl j‘k,m—Z,n,m(do(') P;(da’ m, xkn)m (l_xin)
_%-1(“’%)2 “ )*kn(d“n)Pn—l(dan,xkn)z

yn(d(x‘n)2 k=1 l_xlfn
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According to an inequality given by Freud in [ 1, Formula (24)]

Va1 (dat, )2 & Ara(de,) P 1(d06mxkn)

3-21) u(da,)? -,

we obtain the right inequality of (3.19). By (3.18) we get
1 Z”: 1
(m—2)' k=1 )'k,m72,n,m(da) P;(dOC, m, xkn)m (1 _xlzcn)
> 1 5 1
(m—2)' k=1 lk,m—Z, n,m(d“) P:';(d‘xa m, xlm)m

= c(de). 1
As an immediate consequence of Theorem 3.2 we state

COROLLARY 3.2. Let do be a measure supported in [ —1,1] and m e N,.
Then

L [(x—x4) £ (do, m, x) ] dou(x)

<2
M m—2,mm(@0)(1 =2x,)

1 1
(G2) <5 Y zj

Proof. Multiplying (3.19) by the number (', P,(da, m, x)™ da(x) =1 we
obtain

“ sl—l Pn(d(x's m, x)m dot(x)

1
<2,
(m_z)! kz=:1 /lk,m—Z,n,m(d“) P:;(da5 m, xkn)m (1 _xin)

c(da) <

which is equivalent to (3.22) if we notice that

P, (do, m, x)

—_— = —_ e d .
P:l(d(x, m, x,m) (x xlcn) Im( o, m, x) I

THEOREM 3.3. Let do be a measure supported in [ —1,1] and meN,.
Then
(3.23) A(da,, x) P,(do, m, x)* < c(do, m)
and

(3.24) Aomny2(dot, X) P, (do, m, x)™ < ¢;(do, m).
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Proof. By (3.15) and (2.4)

P,(do, m, x)> < ¢S, (do, m, x)* < c

| —

2
160 (dot, m, X)) }

n n Ekn d , , 2
<e| 5, tuteny || £

< ¢, (da,, x)7,

which is equivalent to (3.23). Further, (3.24) follows from (3.23) and
3.12). 1

THEOREM 3.4. Let do and df be measures supported in [—1,1],
2<m< o0, and 0 < p <oo. Then for A€ M and 6 < |A|

(3.25)

(141-6)” a(dp, 4, ) [, dB(x)
Q7L du(x)]" 7

[ 1P.do,m, )17 dp(x) > n=0,1,...
4

Proof. using (3.3), (3.14), and (3.17) we obtain

J, o e apeo | [ doco | [ 1ol g

Applying Lemma B with ¢, =|4|—0 we can choose I, so that |[|<
g, =|4|—9 and

[ 15.dam 0 ape > VT apen

24)7 Jag,

S (41=9)”

“amy Wb 4.0) [ ape.

/

Hence (3.25) follows. ||

THEOREM 3.5. Let da and df be measures supported in [—1,1] and
2<m<oo. If A€ M satisfies |A\NZ(B")| >0, i.e.,

L B'(x) dx >0,
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then for 0 < p < o0

(3.26) lim inf j |P,(dot, m, x)|” dB(x) > 0.

n— oo

Moreover, if f is absolutely continuous on A then the converse is true.
In particular,

(3.27) lim inf f |P,(do, m, x)|? dx > 0.
4

n— o0

if and only if |4| > 0.

Proof. The inequality (3.26) follows by Lemma A from (3.25). The other
conclusions of the theorem are immediate consequences of the first one. ||

As direct consequences of this result by the same arguments as that of
[4, Corollary 9 and Theorem 8] we state the following corollaries, omitting
the details.

CoROLLARY 3.3. Let do be a measure supported in [—1,1], 2<m < oo,
and 0 < p < co. Then for any A€ M

|A|p+1

2@ [, da) ™ " 0,1,...

(3.28) L |P.(de, m, x)|? dx >

COROLLARY 34. Let do be a measure supported in [—1,1] and
2<m<oo. Then for any sequence of positive numbers & = {e,} there exist
sets

n

I :=1(8,d0) =) (Xi—Pin> Xtn+hi) (V[—1,1]

k=1

with hy, hy, > 0 such that |I,| < &, and

&

(3.29) |P,(det, m, x)| > W,

holds for all xe [—1,1]\I, andn=1,2, ... .

4. APPLICATIONS

As applications of the previous results we discuss L, convergence of the
two operators
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/kn (dan’ x)2

@1 Fy(da,m, f.x) = h(da, ) 3, S () =5 ~20

and
@D Gdnm, fx) =iy, ) [ S0 K, x, 1) ot ()

where

4.3)
yn—l(da'n) Pn—l(dana t) Pn(d(x’na x) _Pn—l(da’nb x) Pn(d(xna t)
yn(da'n) x—t ’

Kn(da'nﬂ x’ t) =

The special cases when m = 2 are introduced by Nevai in [ 3, pp. 58, 74]. By
the same arguments as that of [3, Properties 6.1.1, p. 58, and Properties
6.2.1, p. 74] we state the following

LemmA 4.1. Let do be a measure supportedin [ —1,1] and 2 < m < 0.

@ Iff(x)=1then F,(da,m, [, x)=1.

®) Iff(x)=0forxe[—1,1] then F,(do,m, f,x) =0 for xe[—1,1].

) FE,(do,m, f,x,)=f(x,) fork=1,2,...,n.

(d) F,(do,m, f,x,)=0fork=1,2,... n

(e) F,(do,m, ) is a rational function of degree (2n—2,2n—?2), only
the numerator depends on f.

) If f(x)=1then G,(do, m, f,x)=1.

(® Iff(x)=0forxe[—1,1] then G,(da,m, f,x)=0for xe[—1,1].

(h) G,(da, m, f) is a rational function of degree 2n—2,2n—?2), only
the numerator depends on f.

We accept the notations a(l+0)=a(l) and a(—1—-0)=a(—1). As
auxiliary lemmas we give several results which are of independent interests.

LemmA 4.2. Let do be a measure supported in [ —1, 1] and 0 <m < co.
Then a(t) is continuous at t = x if and only if

4.4 lim A,(da, m, x) =0.

n— o0
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Proof. (=) We give the proof for xe (—1,1) only, the proof for
x e {—1,1) being similar.

Assume that ¢ >0 is arbitrary. By continuity there exists a positive
number é <min {¢, 1 +x, 1 —x, 1/2} such that |x(¢) —a(x)| < &/2 whenever
|t—x| <. Choose f € C[ —1, 1] so that

1, te[x—90/2,x+6/2],

0, te[—1,x—0]u[x+0,1],
f@O={ .

a linear function, te[x—9d,x—46/2],

a linear function, te[x+06/2,x+0].

By Weierstrass theorem there is a polynomial P € P,_,; for N large enough
so that |P— f|| < 6. Then by Definition 2.2 we have

Av(da, m, x) < |P(2)|™ do(t)

[PGx )|'"j

< f(x) [ =g |, L/ (061" datt)

_(;a)m{j" 5mda(z)+j 5™ da(?)
x40 51" d

[ w01 dno)

1 1 x+6
<m{5 L da(t)+(1+6) L_J doc(t)}

= =gy (D) =a(=D]+ (1 +9)" [alx+9) ~u(x—0) ]}
<2"{e"[a(1)—a(—1)]+(3/2)" &}

Since A, (do, m, x) < Ay(do, m, x) for n > N, we obtain

lim A,(do, m, x) <2™{e"[a(1)—a(—=1)]+(3/2)" ¢}.

n— o0

Letting ¢ —» 0 we get (4.4).
(<) It suffices to show

4.5 A (do, m, x) = a(x+0) —a(x—0).
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To this end let P € P,_, with P(x) = 1 satisfy
1
In(do,m, %) = [ |P(0)|™ da().
-1
Then for e >0

A, (do, m, x) = L : |P(2)|™ dot)

Nn[x—eg x+e

>  min |P(0)|™ do(t)

teln[x—e x+e] In[x—¢ x+e]

> min ] [P()|™ [a(x+0)—a(x—0)],

teln[x—e x+e
which yields (4.5) by letting ¢ —» 0, because P(x) =1. |
LemMmA 4.3. Let o be a measure supported in [ —1,1] and 0 <m < o0.
Then the following statements are equivalent:
(@ aeC[-—1,1];
(b) lim,, A,(de,m,x)=0,Vxe[—1,1];
(© lLim,_ |I4,(da, m)|| = 0;
(d) lim,_, {1, 4,(da, m, x) a(x)=0.
Proof. (a)< (b). Apply Lemma 4.2.
(b) < (c). Apply Dini theorem, since by Definition 2.2 4,(da, m, x) is
monotonically decreasing with respect to » for each fixed x.
(a) < (d). Trivial.
(d)<=(a). By 4.5)wegetthatforxe[—1,1]

(4.6) f_ll 2, (do, m, x) do(x) = [o(x+0) —a(x—0) ]2

which by Statement (d) implies Statement (a). ||

LeMMA 4.4. Let do be a measure supported in [ —1,1], 2 <m < o0, and
O<p<oo. IfaeC[—1,1], then

4.7 lim fl [, (de,, x) P,(da,, x)*]? do,,(x) =0

n— oo

and

(4.8) lim j_ll [4,(do,, x) P,_,(dot,, x)]" dot, () = 0.

n— o0
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Proof. We give the proof of (4.7) only, the proof of (4.8) being similar.
If p > 1 then by (3.23) and (3.11) with ¢ = ¢(da, m) defined in (3.23)

[ Tn(da,, %) (e, )17 doty ()

c

—or[! [ D Bl DT

2
S cP Jq ;{‘n(da'n9 x) Pn(do{'na x) docn(x)

. c
<t fl A, (do, m, x)*'™ P,(da,, x)* dat, (x)
—1

<7 A (do, m||Pm,
which implies (4.7).
If p < 1 then by Hélder inequality

[ th(da,, x) P.(da,, x)17 de,(x)

< U_ll An(de,, X) P,(da,, x)* da,(x) ]p U_ll da,(x) ]1,,

1 P
<c| [, Ao, ) PG 0 o0 [
-1
which by the previous conclusion again implies (4.7). ||
Now we can give our main result in this section as follows.

THEOREM 4.1. Let do be a measure supported in [ —1,1], 2<m <0,
and0<p<oo. IfaeC[—1,1]and f e C[ —1, 1], then

4.9) lim |\F,(de, m, f) = fllaa, =0
and
(4.10) Lim |G, (dot, m, f) = flas,, p =0

Proof. First we point out that since F,(da, m, ) and G,(da, m, f) are
linear positive operators and F,(do, m, 1, x) = G,(do, m, 1, x) =1, in order
to prove (4.9) and (4.10), it suffices to show

(411) lim ”Fn(da'a m, ¢x5 x)”doc,,,p =0

n— o0
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and

(412) hm "Gn(d(xs m, ¢x9 x)”doc,,,p = 09

respectively, where ¢ (1) = (x—1)2.
To prove (4.11) by means of (3.2) and the Gaussian quadrature formulas

I1F,(dat, m, ¢, X\,

_ (¥ = %) (ot %)°
_.[ l (da”’ x) z lkn(d n) i| do n(x)

! [0 ot 7 B S e ]
:f,ll :’l"(d“"’x) P,(da,, ) i él a)z } da, (x),

which by (4.7) tends to 0 as n — oco.

To prove (4.12) using (4.3) and (3.14) and applying the inequality
(J4|+|B|)? < 2°(|4]|? +|B|?), we obtain
G, (dot, m, b, X)|| 2, »

- {An(doc,,, 0| =0, (da, x, 1)’ dan(z)}" ot (x)

! yn l(da' )
=L{ Ao(da,, x )j_ S do) [P, ,(dx,, 1) P,(do,, x)
- ”*l(dan’ X) Pn(da'nf t)] dOC,,(t)}pdocn(x)

=[] {0 P 024, 071 o 0,

<27 fl {[4,(do,, x) P,(dot,, x)*17+ [4,(dex,, x) P, (dat,, x)*17} dav, (x),

which by (4.7) and (4.8) again tendsto O asn —» c0. |]



L, EXTREMAL POLYNOMIALS 185

REFERENCES

. G. Freud, On Hermite-Fejér interpolation processes, Studia Sci. Math. Hungar. 7 (1972),
307-316.

. D. S. Lubinsky and E. B. Saff, Strong asymptotics for L, extremal polynomials
(1 < p < 0) associated with weights on [ —1, 1], in “Lecture Notes in Math.,” Vol. 1287,
pp. 83-104, Springer-Verlag, New York/Berlin, 1987.

. P. Nevai, “Orthogonal Polynomials,” Mem. Amer. Math. Soc., Vol. 213, Amer. Math.
Soc., Providence, 1979.

. Y. G. Shi, Bounds and inequalities for general orthogonal polynomials on finite
intervals, J. Approx. Theory 73 (1993), 303-333.

. Y. G. Shi, Bounds and inequalities for arbitrary orthogonal polynomials on finite
intervals, J. Approx. Theory 81 (1995), 217-230.

. Y. G. Shi, On L, extremal polynomials, Const. Approx. 14 (1998), 187-194.

. Y. G. Shi, On Christoffel type functions for L, extremal polynomials, J. Approx. Theory
103 (2000), 281-291.

Printed in Belgium



	1. INTRODUCTION
	2. PRELIMINARIES
	3. BOUNDS AND INEQUALITIES
	4. APPLICATIONS
	REFERENCES

